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Abstract 
The development of numerical solution schemes for stochastic oscillators under additive and/or 
parametric white noise excitation also calls for the determination of benchmark cases, i.e. oscillators 
with known characteristics and response probability density functions (pdfs). In the present paper, the 
stationary response pdfs for a new class of oscillators generalizing the results of Wang & Zhang 
(Nonlinearity 13(2000), pp. 907-920) are obtained by solving the corresponding reduced Fokker-
Planck-Kolmogorov (rFPK) equation using a new splitting technique. To the best of our knowledge, 
this class of oscillators has not been presented before. The obtained response stationary pdfs exhibit 
complicated behavior, including bistabilities, limit-cycles, oscillations, and hybrid (combination of the 
previous three) patterns, making the studied oscillators an interesting class of benchmark cases.  
 
Keywords: Exact stationary solutions, Fokker-Planck equation, stochastic oscillator, splitting technique, 
bistability, limit cycle, benchmark cases 
1 Introduction 
Finding the exact stationary response pdfs of oscillators excited by Gaussian white noise(s) is an 
interesting theoretical question, as well as a way of establishing benchmark cases for testing 
approximate and numerical solution schemes such as the ones presented in (Kumar et al. 2014; Kumar 
et al. 2009; Saha & Roy 2007; Crandall 2006; Cai & Lin 1996). 
By observing works on approximate and numerical schemes, one can realize that the benchmark 
cases used for testing the solution procedure either provide forms of the displacement pdf only, and 
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not the joint pdf of displacement and velocity of the oscillator, e.g. (Crandall 2006; Di Paola & Sofi 
2002) or are simple examples covering the monostable, e.g. in (Masud & Bergman 2005) or the 
bistable case, e.g. in (Kumar et al. 2014) at most. As it will be illustrated in the examples of Sec. 3, the 
class of oscillators studied in the present work contain cases with polynomial non-linear damping and 
restoring term, whose response pdfs exhibit complicated behaviors that include bistabilities, limit 
cycles, oscillations and hybrid combinations of these three.  
Of course, the determination of steady-state solutions is not an easy task and their existence 
imposes constraints over the characteristics of the oscillator. More specifically, an energy balance 
between the damping forces and the excitation of the oscillator has to be satisfied in the mean sense. 
This argument implies that the damping forces of the oscillator must contain characteristics of the 
excitation, which is a rather restrictive condition. Nevertheless, the sparsity of oscillators with exact 
stationary response pdf makes their specification even more compelling. 
In the present work, the stationary response pdf of stochastic oscillators will be determined by 
solving the corresponding stationary (reduced) FPK equation. A way of solving the rFPK equation is 
by splitting it into a system of simpler partial differential equations (PDEs) by splitting its drift and 
diffusion coefficients into two parts. The way of performing the coefficients’ splitting in rFPK 
equation is not uniquely defined. A splitting dictated by the detailed balance argument, see (Graham & 
Haken 1971; Van Kampen 1981, Sec. V.6), in which only the drift coefficients are split, is used in 
many works, e.g. (Yong & Lin 1987; Bezen & Klebaner 1996; Gardiner 2004; Sun 2006). Another 
splitting, in which both drift and diffusion coefficients are split was proposed by (Cai & Lin 1988) and 
used subsequently by (To 2001). In the present work, the new splitting on both the drift and diffusion 
coefficients proposed by (Mamis 2015) will be used.  
The remaining part of the paper is organized as follows; In Sec. 2 the solution procedure for a 
certain class of stochastic oscillators under the novel splitting of (Mamis 2015) is presented in brevity. 
In Sec. 3 a series of examples of the studied new class of oscillators is presented. The examples 
presented have forms of restoring and damping which are frequently encountered in applications. In 
particular, apart from the classical, additively-excited, Duffing and Rayleigh-Van der Pol oscillators, 
oscillators with non-linear damping and restoring terms under both additive and parametric excitation 
are considered, whose behavior, to the best of our knowledge, has not been presented elsewhere. 
Finally, in Sec. 4 the findings are summarized and discussed.  
2 Solution procedure 
The stochastic oscillators studied in the present work fall into the general description  
             
1
; ; , ; ; , ; ;
L
X t h X t X t q X t X t W tT T T T T T
 
  ¦ ,   (1a) 
where         0, ,dh X X h X X h X  ,        0 dU Xh X dX .              (1b,c) 
In Eqs. (1), T  denotes the stochastic argument, a dot over a function symbol denotes differentiation 
with respect to time t ,  ;X t T  is the stochastic displacement, 0 1( )h x ,  1 2,dh x x ,  1 2,q x x  
are deterministic, generally non-linear functions and  ;W t T  are L , generally non-independent, 
Gaussian white noises.  ;W t T  can be seen aggregately as the L dimensional Gaussian white 
noise      1; ; ; TLt W t W tT T Tª º ¬ ¼W  with expectation ( )t  Wm 0  and autocovariance 
Exact stationary solutions to a new class of non-linear stochastic oscillators. Mamis & Athanassoulis
34
  
matrix    , ( )t s t t sG WWC D , where ( )tD  is a symmetric, positive definite matrix called the 
intensity of the white noise, and  t sG   is the delta function.  
Function 0 1( )h x  models the restoring term of the oscillator and it can be a general function 
generated from a potential energy 1( )U x , as illustrated in Eq. (1c). For the oscillator to be stable, 
potential energy 1( )U x  has to tend to f  sufficiently fast for 1| |x o rf . Function  1 2,dh x x  
models the damping term of the oscillator and will be specified for the class of oscillators studied here 
in Eq. (5).  
Using the vector of state-space variables      ; ; ; Tt X t X tT T Tª º ¬ ¼X , Eqs. (1) can be 
expressed as 
   1 2; ;X t X tT T ,        (2a) 
            2 0 1
1
; ; ; ; ;
L
dX t h t h X t q t W tT T T T T
 
    ¦X X .               (2b) 
Eqs. (2) is a system of Itō stochastic differential equations (SDEs), see e.g. (Øksendal 2003), and thus 
the stationary joint pdf 
1 2 1 2
( ) ( , )X Xf f x x X x , if it is well-defined, is governed by the rFPK 
equation, see e.g. (Sun 2006), Sec. 6.2 
22 2 2
1 1 1
1
( ) ( ) ( ) ( ) 0
2i i ji i ji i j
A f B f
x x x   
w wª º ª º   ¬ ¼ ¬ ¼w w w¦ ¦¦X Xx x x x .    (3) 
In Eq. (3), ( )iA x  and ( )i jB x  are called the drift and diffusion coefficients respectively, and are 
defined as follows 
2
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where 
1 1 2 2
1 1
22
1 1
( ) 2 ( ) ( )
L L
B q D q
  
 ¦ ¦x x x ,      (4c) 
with matrix D  being the long-time limit of the white noise excitation intensity matrix ( )tD . Note 
that the term 22 2(1/ 4) ( ) /B xw wx  is the Wong-Zakai correction, see e.g. (Wong & Zakai 1965). In 
order the rFPK Eq. (3) to be solved, we introduce the auxiliary vector field of probability flow ( )G x  
2
1
1
( ) ( ) ( ) ( ) ( ) , 1,2
2i i i jj j
G A f B f i
x 
w ª º   ¬ ¼w¦X Xx x x x x .    (5) 
Using field ( )G x , rFPK Eq. (3) is expressed as 
1 2
1 2
( ) ( )
0
G G
x x
w w  w w
x x
.         (6) 
Since the solution of Eq. (3) is a pdf, it has to satisfy the constraints 
( ) 0f tX x ,   2 ( ) 1f d  ³ X x x .                (7a,b) 
For the non-negativity constraint (7a) to be a priori satisfied, we introduce the scalar probability 
potential ( )\ x , see (Cai & Lin 1988; Sun 2006 par. 6.6), so that pdf ( )f X x  is expressed as 
 ( ) exp ( )f C \ X x x ,         (8) 
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where C  is a normalization constant. 
At this point, we specify the damping term of the class of oscillators studied here into 
22 2 1
22 2 1 1 2
02
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d n
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
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w  w ¦
x
x x ,   N  ,    (9) 
where 2 12 1 1 2( )
n
nh x x

¦  is an odd polynomial with respect to velocity 2x , whose coefficients 
2 1 1( )nh x  depend on displacement 1x  only. This class of oscillators generalizes the oscillators 
examined by (Wang & Zhang 2000, Eq. 12) since they may contain parametric excitation terms 
kX W , kX W . Under Eq. (9), definition of drift coefficients given by Eq. (4a) is expressed as 
2
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.                 (10) 
The rFPK Eq. (6) is solved by splitting the probability flow into a vanishing part, (1) ( ) 0 G x  and 
a residual part (2) ( )G x , by splitting the drift and diffusion coefficients as follows 
(1) (2)( ) ( ) ( ) , 1,2i i iA A A i   x x x ,                 (11a) 
(1) (2)( ) ( ) ( ) , , 1,2i j i j i jB B B i j   x x x .                 (11b) 
In this work, the splitting proposed by (Mamis 2015) will be applied 
(1)
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where (1)11 ( )B x  is a non-zero undefined function. Under splitting (12), (13), it is proven in (Mamis 
2015 and Mamis & Athanassoulis 2015) that the solution of the following system of three PDEs with 
regard to ( )\ x  
(1)
11
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xx
,                   (14a) 
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2 0 1
1 2
( ) ( )
( ) 0x h x
x x
\ \w w   w w
x x
,                  (14c) 
is sufficient for rFPK Eq. (6) to be satisfied. Eqs. (14a,b) are identified as a Pfaffian problem. Its 
solvability condition determines function (1)11 ( )B x , and it can be solved with respect to ( )\ x  as 
 2 1 1 2 1
2 1 1
0
( )
( ) ( )
1
N
n n
n
h x
x C x
n
\  
 
 ¦x ,                   (15) 
where function 1 1( )C x  is to be determined. Substituting Eq. (15) for ( )\ x  into Eq. (14c), we obtain 
an odd polynomial expression with regard to 2x , with coefficients dependent only on 1x , that has to 
Exact stationary solutions to a new class of non-linear stochastic oscillators. Mamis & Athanassoulis
36
  
be equal to zero for every 1x , 2x , see for the derivation (Mamis 2015 and Mamis & Athanassoulis 
2015). Thus, it is equivalent to setting all coefficients of powers of 2x  equal to zero 
1 1 1 1 0 1( ) 2 ( ) ( )C x h x h xc                     (16a) 
2 1 1 2 1 1 0 1( ) 2 ( ) ( ),n nh x nh x h x c   1(1)n N ,                 (16b) 
2 1 1( ) 0Nh xc  ,                     (16c) 
where the prime denotes differentiation with respect to 1x . From Eq. (16c) we obtain 
2 1 1 2 1( ) constantN Nh x K   . Eqs. (16a,b) are solved in a recursive way, resulting in 
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where 1 2 2nK    are constants of integration. Under Eqs. (17), (18), stochastic oscillators with damping 
term given by Eq. (9) have the stationary response pdf 
 2 1 1 2 1
2 1 1
0
( )
( ) exp ( )
1
N
n n
n
h x
f C x C x
n
 
 
§ ·  ¨ ¸¨ ¸© ¹
¦X x .                  (19) 
It can also be proven, see (Mamis 2015 and Mamis & Athanassoulis 2015), that for the right hand side 
of Eq. (19) to be integrable, constant 2 1NK   has to be positive.  
3 Examples of stochastic oscillators 
In the present section, examples of oscillators falling into the class with damping given by Eq. (9) 
are presented. We rederive the known results for Duffing and Rayleigh-Van der Pol oscillators under 
additive white noise excitation and also we move on to oscillators which, to the best of authors’ 
knowledge, have not been presented elsewhere. 
3.1 Oscillators with damping given by (9) for 0N   
Writting Eqs. (17), (18) for 0N  , Eq. (19) for response pdf is specified in 
 21 2 1 1( ) exp 2 ( )f C x U xK K  X x .                   (20) 
which was first given by (Andronov et al. 1933) and by many authors, e.g. (Caughey 1971; Yong & 
Lin 1987; Cai & Lin 1988) afterwards.  
 
Example 1: Duffing oscillator under additive white noise excitation 
3
1 03 01 1 1X h X h X h X q W                        (21) 
is an oscillator with damping (9) with 0N   and 
1
1 2
1 11
0
2
h
q D
K  ! ,  03 014 21 1 1( ) 4 2
h h
U x x x  .            (22a,b) 
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Figure 1: Stationary response pdfs for oscillators (21), (23) for 1 11 1q D   and different values of 
their parameters. 
 
Example 2: Augmenting the restoring force in Duffing oscillator (21) by a sinusoidal term, we 
have   31 03 01 0 1 1sinX h X h X h X X q WZ     ,                  (23) 
which also falls into the same class of oscillators, with 1K  given by Eq. (22a), and potential energy 
 03 014 21 1 1 0 1
0
1
( ) cos
4 2
h h
U x x x xZZ   .                   (24) 
Stationary pdfs for oscillators (21), (23) are shown in Fig. 1 for different values of their parameters. It 
can be observed that the oscillators have a bistable behavior for negative values of 01h , while the 
response pdf of (23) exhibits an oscillatory behavior too, as a result of the trigonometric term in 
potential energy (24b).  
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3.2 Oscillators with damping given by (9) for 1N   
For 1N  , Eq. (19) for response pdf is written as 
    3 4 22 1 3 1 2 1 1 1( ) exp 2 ( ) ( ) ( )2f C x U x x U x U xK K K K§ ·     ¨ ¸© ¹X x .               (25) 
 
Example 3: Rayleigh-Van der Pol oscillator under additive whited noise excitation 
 2 21 3 3 1 1X h h X h X X X q W                        (26) 
has its stationary response pdf given by Eq. (25) with 
3
3 2
1 11
0
2
h
q D
K  ! ,    1 3 11 1 2
1 11
2 ( )
( )
2
h h U x
h x
q D
 ,    
2
1
1( ) 2
x
U x  .                       (27a,b,c) 
 
Example 4: As performed before for Duffing oscillator (21) we consider an additional sinusoidal 
term in the restoring force of Rayleigh-Van der Pol oscillator (26)    1 3 1 0 1 12 ( ) sinX h h U x X X X q WZ     .                  (28) 
3K , 1 1( )h x  for oscillator (28) are given by (27a,b), and potential energy is 
 211 0 1
0
1
( ) cos
2
x
U x xZZ  .                    (29) 
Results for oscillators (26), (28) are also presented by (Caughey 1971; Yong & Lin 1987; Cai & 
Lin 1988). Stationary response pdfs for oscillators (26), (28) are presented for different parameter 
values in Fig. 2. It is shown that for negative values of parameter 1h , oscillators exhibit has a limit 
cycle behavior. As in example 2, response pdf for case (28) exhibits also an oscillatory behavior. 
 
Example 5: Oscillator with quintic polynomial damping with respect to X  and an additive and 
parametric excitation by to independent white noises 1W , 2W  
    
  
0 11 3 1 22
3 5
22 3 1 11 3 22 3 1 2
2 2
2 2 2 ,
X h X D h U X h D X
D h U X h D h X D h X W X W
ª º    ¬ ¼
ª º     ¬ ¼
                             (30) 
belongs in the same class of oscillators with response pdf given by Eq. (25), with characteristics 
2
22 2 11 22 2( ) 2 2B x D D x  , 3 3 0hK  ! ,  1 1 1 3 1( ) 2 ( )h x h h U x  .       (31a,b,c) 
Its potential energy is specified to  4 3 23 1 2 1 1 11 0 1
0
( ) cos
4 3 2
a x a x a x c
U x xZZ    , where c  takes 
the values of 0 or 1. For 1c  , a sinusoidal term is incorporated into the restoring force of (30). To the 
best of authors’ knowledge, the result for oscillator (30) has not been reported before. Its steady-state 
response pdf is shown for a variety of its parameters in Fig. 3. The pdf is of hybrid nature, 
incorporating (symmetric or asymmetric) bistabilities, limit cycles and oscillations.  
4 Conclusions and future work 
In the present paper, the splitting technique and solution procedure for the rFPK equation 
presented by (Mamis 2015) has been used to obtain exact stationary response pdfs for oscillators under 
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additive and/or parametric white noise excitation, that generalize the oscillators presented by (Wang & 
Zhang 2000). The damping term for this class of oscillators is of a particular, rather restrictive form, 
given by Eq. (9), that ensures the energy balance in the mean sense between the white noise excitation 
and the damping forces of the oscillator. Clearly, this form for the damping term is not the only one 
satisfying the energy balance; e.g. in (Mamis & Athanassoulis 2015) a less restrictive damping form 
has been presented, that covers both the class presented here and oscillators generalizing the case 
presented by (Dimentberg 1982).  
As we can see in the figures, the stationary response pdf of oscillators can be of rather complicated 
nature, showing bistabilities and limit cycles. As far as we know, the results shown in Fig. 3 for the 
oscillators of example 5 have not been presented before. Furthermore, another interesting feature of 
these response pdfs is the oscillatory behavior they exhibit if the restoring term of the oscillator 
contains an additional (to the polynomial) sinusoidal term. Apart from some initial results shown in 
(Bezen & Klebaner 1996), the study of this oscillatory behavior has not been presented elsewhere, to 
the best of our knowledge. 
 
 
Figure 2: Stationary response pdfs for oscillators (26), (28) for 1 11 1q D   and different values of 
their parameters. 
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Figure 3: Stationary response pdfs for oscillators (30) for 11 22 1D D   and different values of its 
parameters. 
 
The hybrid behavior of their stationary response pdfs that contains combinations of the three basic 
patterns (bistability, limit cycle, oscillations) makes this class of oscillators a source of interesting 
benchmark cases for testing approximation schemes and numerical solution algorithms, in addition to 
the theoretical importance of obtaining such results. 
Regarding possible future works, apart from the consideration of less restrictive forms for damping 
that was mentioned above in the concluding discussion, there are two other promising directions; the 
case of oscillators excited by dependent white noises, and the stochastic dynamical systems with more 
DOFs than an oscillator. 
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